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Abstract. The scattuing rates v(T) of various poup of electrons in cadmium 
have been measured down to 0.25 K using the radic-lrrquency size effect. For elec- 
trom on the third band lens of the Fermi surface, v(T) can be analysed below about 
2.5 K as the superposition of two terms, aP and PT'. While the latter is asso- 
ciated with electron-phonon scattering the former component can be attributed to 
electmn-electron scattering. On two triangular orbits in the first and second bands 
an apparently large P t- is observed between 5 and 1.5 K. At  lower temperatures 
v(T) drops rapidly suggesting that this behaviour is due to electmn-phonon scatter- 
ing. An explanation for large T2 terms has been recently proposed b y  Lawrence cf 
@ I  on the basis of UmWapp electrm-phonon scattering togethcx with the particular 
shape oI the Fermi surface of c a d " .  Simple calculations on these lines are shown 
to repduce semi-quantitatively the observed variation d u(T) and to aid in the 
interpretation of another second band orbit. 

1. Introduction 

Cadmium is well known to be a good candidate in which many aspects of electron 
transport in metals can be tested. It is not far from a freeelectron system, at least 
over some parts of its Fermi surface (FS) and its metallurgy is well under control so 
that good single crystals can be reproducibly prepared. Local and orbital averaged 
scattering rates v(T) in Cd have been reported by several authors (Myers et al  1974, 
Naberezhnykh and Tsymbal 1975, Probst et  al 1980 (PMH)) for groups of charge 
carriers at various locations on the FS using the radio-frequency size effect (RFSE), 
a most powerful tool for investigating the temperaturedependent v(T). A wealth of 
temperature behaviours has been discovered (PMH), the origins of which have not yet 
been completely established. Among the interesting features of the v(T)  of Cd one 
can mention the following points: 

(i) The v(T) of electrons on the FS lens in the third band is anisotropic in magni- 
tude as well as in temperature dependence. In most metals, under good experimental 
conditions, v(T) follows a T3 law (coefficient p )  from electron-phonon (e-p) scatter- 
ing, sometimes with an additional term 02'' from electron-electron (e-e) scattering 
(Stub e l  a1 1988); the anisotropy shows up in the coefficients (Y and p .  In contrast 
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v(T) of the lens electrons in Cd rises much faster than above about 2.5 K. PMH 
successfully used a model which attributes it to the start of intersheet scattering by 
transverse phonons between the lens and nearby sections of the second band monster 
of the FS. 

(ii) In previous measurements on Cd a T2 contribution to v(T) ,  with a coefficient 
a of the right order of magnitude to attribute it to e-e scattering, could only be found 
for one particular tilted field orbit, close to the (0001) direction on the FS lens (PMH). 
For other orbits on the lens v(T) was consistent with a term UP having the same value 
of U. Such a component was, however, difficult to detect unambiguously for various 
reasons, in particular the deviations from simple T-dependence due to the turning 
on of strong e p  intersheet scattering and the limited resolution of the measurements 
comparable with the overall variation of the signal amplitude between 1.2 and 2 K. 

(iii) Large quadratic terms aT2 were observed for orbits on the first and second 
band sheets of the FS (PMH) which are too large and anisotropic to be attributed 
to e-e scattering. One observes noticeable differences between the measured values 
of a, whereas ce scattering is expected to be isotropic, because of the large angle 
character of e-e collisions. According to theory, the anisotropy in the coefficient of T2 
from e-e scattering in simple metals should not exceed V(G)/e,, which is of the order 
of lo%, where V(G) is the pseudopotential coefficient (Lawrence and Wilkins 1973, 
Wagner and Bowers 1978). Moreover the reported experimental values of a are, for 
some orbits, two orders of magnitude larger than those theoretically predicted from 
e-e scattering and experimentally determined, for instance in the noble metals (Stubi 
et ai 1988). 

We present here more precise measurements down to 0.25 K, to t ry  to clarify these 
points. The extension of the temperature range below 1 K should allow the determi- 
nation of the e-e scattering contribution because e-p scattering has been sufficiently 
reduced, and should also provide insight into the large Tz terms mentioned under 
(iii). Recently Lawrence el  al  (1986) have proposed that they may be due to e p  
Umklapp scattering, predicting that v(T) would start to drop faster somewhere below 
1 K. A simple two-orthogonal-planewaves (ZOPW) calculation of v(T) on these lines 
is presented which shows reasonable agreement with the experimental data. 

2. Experimental details 

The present measurements were made with the experimental set-up described in Stubi 
et a[ (1988). Standard modulation techniques are used and the modulated RFSE res- 
onance signal detected by a marginal oscillator is measured with a digital lock-in 
amplifier (Probst and Collet 1985).~The resonance signal arises when a DC magnetic 
field parallel to  the sample surface is such that the sample thickness exactly encom- 
passes the corresponding extrema1 orbit on the FS. The measurement of the signal 
amplitude A(T) allows one to determine the orbitally averaged scattering rate v(T) 
from (see Wagner and Bowers 1978): 

A(T) = A(O)exp{-v(T)t) 

where A(0) is the extrapolated amplitude for T = 0 K and t the time for the electrons 
to cross the sample. The measurements were made down to 250 mK using a dilution 
refrigerator which makes the determination of A(0)  much easier. 
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Figure 1. Details of the low-temperature experimental set-up, 

Figure 1 shows the location of the sample in the cryostat and the two Ge ther- 
mometers Thl  and Th2. The sample temperature is kept constant within a few mK 
(Probst and Rittener 1989) and the absence of a temperature gradient between Th2 
and the sample is checked using the superconducting transition temperature of Cd 
at 519 mK. The low fields used in RFSE experiments (< 0.05 T) do not affect the 
properties of the Ge thermometers. The samples are single crystals cut from 6N rods 
typically 1 cm in diameter with two optically flat surfaces. For these measurements 
sample Cdl is 537 pm thick with a normal 7s parallel to (1120) and sample Cd2 
is 240 pm thick with n parallel to ( 1 O i O ) .  The orientations are chosen so that the 
electron orbits are symmetrical. The parallelism of the magnetic field relative to the 
sample surface is achieved by superimposing a small adjustable magnetic field normal 
to the field of a standard iron magnet. 

While our dilution refrigerator has a base temperature of 100 mK, the lowest 
available temperature in measuring conditions is limited to 250 mK because of the 
energy input from the oscillator; we have not tried to improve it because the resolution 
of the detection system would not allow measurements of the small changes in signal 
amplitudes A(T) below this temperature. A(T) increases typically by 1% on reducing 
the temperature from 1 to 0.25 K. The digital form of the data allows numerical 
treatment such as correlation with a reference signal or autocorrelation to improve 
the noise rejection. 

3. Experimental results and discussion 

We have chosen to plot the data-v(T) being determined from (1)-mostly as v(T)/T2 
against T for the easy identification of any TZ contribution, the coefficient LI of this 
term being measured by the intercept on the vertical axis. 

3.1. Electrons on the third band lens 

Figure 2 shows the data in the temperature range from 0.25 to 6 K for electrons on 
the third band lens of the FS, that is on the extrema1 circular and elliptical orbits 
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obtained with B respectively parallel and perpendicular to the c-axis. While the low- 
temperature points give evidence of a T2 term superimposed on a component, 
the upward curvature above about 2.5 K shows that v(T) varies much more rapidly 
than T3 at high temperature. This agrees with previous measnrements by Myers 
et al (1972) and by PMH. The absence of a T5-like temperature dependence below 
1 K, as can be more clearly seen in the insert of figure 2, indicates that ineffective 
e-p scattering due to the smallness of the phonon wavevectors at low temperature 
cannot be invoked for interpreting deviations from the usual T3 law. The theoretical 
curve8 calculated with the simple model for intersheet scattering introduced by PMH 
fit the experimental points well. The intersheet scattering term, due to transitions 
between the lens and the nearby monster, turns on at about T,/lO, where T6 is a 
gap temperature which depends on the shape of the FS sheets and the velocities of 
transverse phonons. For the curves in figure 2, Tp is 18 and 16 K for the elliptical and 
circular orbits respectively. 

0 
0 1 2 3 1 5 6 

T 1K1 

Figure 2. Scattering race divided by T' versus temperatwe for the elliptical (0) 
and circular (W) orbits on the FS lens from sample Cdl. The curves w e  calculated 
using a simple model (sec text), The insert is an expansion 01 the low-temperature 
range. 

Below 2 K u(T) is well described by the sum of a T2 and a T3 term (see insert of 
figure 2): 

U(T)/TZ = a + PT. (2) 

The intercept with the vertical axis is nearly the same for both orbits and a amounts 
to approximately 8 x IO6 s-l K-z. This is the right order of magnitude at which to 
attribute this TZ contribution to e-e scattering, as theoretically estimated by Lawrence 
and Wilkins (1973) or by MacDonald (1980). In fact Schwartzman (1984 p 115 and 
foregoing discussion) has estimated a value for Cd of 5.6 x lo6 s-l K-2 due to the 
phonon mediated e-e interaction. His estimate applies to the quasiparticle decay rate 
at the Fermi level, whereas the RFSE measurement provides the energy average, which 
is larger by the factor 4/3. So the agreement between the theoretical estimate and the 
experiment appears to be excellent. The isotropy of a also supports this interpretation. 
The common value of a measured on these two orbits is about 25% larger than that 
reported by PMH for a tilted field orbit running close to the (0001) direction on the 
FS lens. This agreement is well within the accuracy of the older data. 
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9.2. Charge cam'ers on the first and second band 

Three orbits called 1, m, n (see figure 2 of PMH) on the first and second band sheets 
of the FS have been investigated with the magnetic field B tilted by about 10' from 
the c-axis to avoid an overlap of the resonance signals. The raw data A(T) behave 
similarly for all these three orbits. As an example In A(T) for orbit 1 is represented as 
a function of TZ and in figure 3(a) showing that neither of the two simple power 
laws holds. The detailed temperature dependence is, however, different and we have 
to consider the data for orbits 1 and m separately from n. 

In figures 3(b)  and (c ) ,  v(T)/T2 is plotted against T for the orbits 1 and m, 
respectively in the first and second hand sheets of the FS. It is seen that the present 
results do not significantly differ from the data by PMH for a nearby orbit (indicated 
by the broken curves) with respect to the e-p contribution to v(T) measured above 
2 K. Also, linear extrapolation of the high-temperature data down to 0 K intercepts 
the vertical axis nearly at their reported value. However, at temperatures below 1.5 
or 2 K, v(T)/T2 starts to fall below this extrapolated straight line. This means that 
the large 0 K value extrapolated from high T data is not related to e-e scattering. 
Nevertheless the arrows in figure 3 ( b )  show that the low T data are consistent with 
the value of 01 determined for the lens orbits. 

The same plot for orbit n is shown in figure 4 where it is seen that in this case v(T) 
may indeed be described over the whole temperature interval of our measurements 
by the superposition of the two contributions aT2 and PT3. Here, however, our 
results disagree significantly with previous data (PMH) which are 20 to 40% above 
the experimental points in these new measurements, even in the high-temperature 
range where e-p scattering is dominant. The discrepancy may be partly due to the 
shape of this particular orbit being very sensitive to the alignment of the magnetic 
field and sample surface with respect to  the FS. One should also mention that in 
the previous work the measurements were only significant above 1.5 K resulting in a 
considerable uncertainty in the extrapolation of the amplitude A ( 0 )  at 0 K. Because 
of the much smaller amplitude of the signals here compared to the lens orbits-due 
to the smaller number of charge carriers involved-it is not easy to assess the precise 
temperature dependence of u(T). The higher resolution in the present measurements 
and the extension of the temperature range down to 0.25 K obviously allow a better 
interpretation, in particular of the low-temperature data where the quadratic and 
cubic terms become comparable. 

The intercept of the straight line through the data points in figure 4 amounts to 
17x lo6 s-l K-'. It is impossible to determine from the data below about 1 K whether 
the apparent TZ term persists to lower temperatures or falls off as it does for the 1 
and m orbits. We would expect that e-e scattering is responsible for about half the 
apparent T z  term, based on the lens orbit a values and isotropy arguments. This half 
should persist down to 0 K,  while the other half, due presumably to e-p scattering, 
should gradually disappear below 1 K. In the next subsection we shall present an 
estimate for the e p  contribution based on a fit to the data for the triangular orbits. 
There indeed should be an apparent dependence above about 1 K due to e-p 
scattering, at least as large as required for this interpretation to hold. 

One might argue against assuming that e-e scattering rates are isotropic, since 
factor of 2 variations have indeed been found experimentally in transition metals like 
tungsten (Van der Maas eZ al 1985), and are also predicted by theory (Potter and 
Morgan 1979). However, Cd is closer to a simple metal, and while variations in 01 
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Figure 3. (a) The logarithm of the amplitude A(T)  of the RPSE sign& against TZ 
m d T 3  fororbillan thetktbandofFsfromsampleCd2. Nosimplepowerlaw fitted 
the data The orbit shape is for the magnetic field B 11 e and remains approximately 
triangular for B tilted by lo*. ( b )  The scattering rate divided by ‘P for orbit 1. 
The error bars correspond to changes of kO.l% on the RFSE signal amplitude. The 
arrows show the value of the coefllcient from e-e scattering on the lens (lower arrow) 
and n orbit. Data fitted with equation ( 5 )  using 0, = 121 K, V(G) = 0.1 eV and 
comedian t e m  discussed in the text. The broken curve reprepents the PMH data 
for the closest orbit. ( c )  The scattering rate divided by for orbit m on the second 
band FS. Data fitted with equation (5) using 8~ = 110 K, V(G) = 0.1 eV and 
correction t e m  discussed in the text. The broken m v e  represents the PMH data 
for the closest orbit 
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0 1 2 3 4 5 

T [KI 
Figure 4. Scattering rate divided by fl for orbit n 011 the second band FS from 
sample Cd2. 

could easily be greater than lo%, it would be surprising if they were as large as a 
factor of 2. We simply wish to point out that the data so far are consistent with an 
isotropic (1. 

A quadratic temperature dependence of v(T) has been shown to result (Gaut 
makher 1974) from e p  scattering in a metal having a very anisotropic cylindrical-like 
FS, when the phonon wavevectors are much smaller than the length of the cylinder 
and much larger than its radius. However, the model cannot be used for Cd, the radii 
of the first and second FS sheets being much too large. Another mechanism has been 
proposed by Lawrence et a1 (1986) based on e-p Umklapp processes in a metal with FS 
sheets in clme proximity to each other. When the Umklapp-dominated local v(k,  T )  
is averaged over the actual electron orbit this model predicts a Ta-like dependence in 
a limited range of T, with a sharp drop at very low temperature, as we observe in the 
experiments on orbits 1 and m. The main results of a simple analytical calculation 
along the lines suggested in this paper and Lawrence (1991) are briefly outlined in the 
next subsection. 

3.3. A simple model of the e-p v(T) f o r  a triangular orbit 

v(T) for an electron in state k on the FS is given by (Wagner and Bowers 1978) 

where dS’ is a FS integral over final states k‘, 

is the square of the e p  matrix element, wgo the phonon frequency at q = k’ - k, 
p the mass density and V the electron-ion potential. The theoretical v(T) to be 
compared with the experimental data is the average over the appropriate orbit of 
v(k, T) calculated from (3). The model presented here employs a Debye spectrum for 
phonons in which transverse and longitudinal modes are treated separately, allowing 
for the dominance of transverse phonons in Umklapp processes. It also employs a 
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2-oPW model for the three equivalent vertices of a simple equilateral triangle or6it 
(similar to the orbits 1 and m where v(T) show an anomalous behaviour). Using (3) 
and the previous arguments we then deduce the expression: 

where c is the transverse sound velocity, G is the reciprocal lattice vector, V(C) the 
pseudopotential form factor at point G, Q2 a minimum calliper of the orbit and 

This function f ( T )  expresses departures from the quadratic behaviour of (9) of 
Lawrence el a i  (1986) below Tl due to 2-0Pw effects and above T, due to phase 
space effects. The parameter a depends on the orbit geometry and is equal to 1.2 for 
the equilateral triangle. The cut-off temperatures TI and Tz are determined by the 
characteristic wavevectors of the orbit 

k B q  = hcQi i = 1,2 (7) 

the smaller one, Ql, being the intersheet threshold 

and the larger one, Q2, the orbit calliper. 
Substituting the transverse Debye temperature 8, for the sound speed, kBOD = 

hcQD (with Q, = kF) one can express the two characteristic temperatures for cad- 
mium as 

T’ = OD(Q,/QD) = 0.2030,. 

Because the pertinent V(G) is very small for the triangle orbits (about two orders of 
magnitude less than EF) the condition for observation of the behaviour (Tl/Tz Q: 1) 
is met. With reasonable values of V(G) and Q,, equations (5) and (6 )  yield a large 
T2-like contribution for T 2 2 K,  as shown in figure 5. If the measurements are not 
made at sufficiently low temperature, extrapolation from the high-temperature data 
will result in the large values which have been previously published (PMH) for the 
unphysical coefficient of an apparent T2 term. However, at low temperatures v(T) 
drops quite rapidly in semi-quantitative agreement with the present measurements 
below 1.5 K. 

Figure 5(a) shows the basic T2-like dependence (thin curve) arising from (5) and 
(6) and an additional T3-like dependence (chain curve) arising from both Umklapp 
e p  scattering when the pseudopotential form factor is momentumdependent (broken 
curve) and the normal e-p scattering is the result of longitudinal phonons. The former 
effect is determined by the single additional parameter V‘(G) = BV(G)/BqI,,,. The 
basic T*-like part is evaluated using IV(G)l = 0.1 eV and 0, = 121 K obtained by a 
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Figure 5. ( U )  Theoretical total scattering rate (bold curve) showing the contribution 
from equation (5) (thin curve) compared with the UmWapp scattering correction due 
to V ' ( 0 )  (broken curve) and n o d  r p  scattering (chain curve), as described in the 
text. (6) Theoretical total scatteling rate (bold curve) consistiw of an interbsnd 
contribution (broken curve) which shows an exponential cut-& at Low T, and an 
intraband [thin curve) contribution (including normal e-p scattering), whi& goes 
smoothly from T? to T3 dependence as T is reduced to zero. 

fit to the 1 orbit data. The P-like correction is calculated using IV'(G)l = 0.6 eV A 
and assuming that the normal e-p contribution is the same as that found on the 
free-electron-like lens orbit produced in the tilted-field geometry (PMH), vN(T) = 
6 x IO6 s-', Also, normal scattering accounts for most of the difference (figure 5 0 ) )  
between intraband (thin curve) and interband (broken curve) contributions above 2 K, 
where Umklappscattering is divided about equally between the two, within this model. 
With regard to the T2-like behaviour ((5) and (6) ) ,  the parameter values quoted by 
Lawrence et a1 (1986), IV(G)l = 0.045 eV, 0, = 180 K (determined by the FS fit of 
Stark and Falicov (1967) and the heat capacity data of Cetas et  a1 (1969), respectively) 
produce almost the identical temperature dependence shown on figure 5(4), but with 
the ordinate scale reduced by about an order of magnitude. On the other hand we 
might also make a comparison with the parameter values IV(G)l = 0.35 eV and 
V'(G) = 2.23 eV used by Watts and Mayers (1980) in their analysis of stress- 
induced changes in extrema1 FS areas. These larger parameter values were deduced by 
fitting the same (Stark and Falicov 1967) band structure near symmetry points using 
the folded-down secular equation. This is analogous in spirit to our use of the 2-OPW 
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model for low-temperature bchasiox of @'). Concerning the large diKerence between 
the two approximations to the band structure, it is not surprising that we should have 
to adjust the parameters mentioned in order to  get a close fit quantitatively like 
those presented on figures 3 ( b )  and 3(c). One would also expect this because of the 
simplicity of the Debye model and the simple triangle model for the orbit (the actual 
shape is slightly different as B is loo from the c-axis). The 1 and m orbits are in close 
proximity, and each has more than three zone boundary intersections with very small 

Despite its simplicity, let us apply the model to the n orbit. It predicts a similar 
feature, but with a much smaller magnitude. The main point is that the amplitude 
of the apparent T2 term for T > TI is proportional to the number of zone bound- 
ary intersections (multiplied by the appropriate V(C)  squared) divided by the total 
arc length of the orbit. The appropriate generalization of (5) is to replace 1/Q, by 
CO msec($,)/QP where Qr is the arc length of the orbit and $G is the opening angle 
of the vertex at the intersection with zone boundary G (we omit the V2(C)  factors 
because the relevant ones are all the same in this case). One may verify the equiv- 
alence of these expressions for the equilateral triangle where dG = r/3. Now the n 
orbit is not closed, but rather stretches between half-intersections (the orbit extends 
to one side of the zone boundary, rather than having well-defined segments on both 
sides). One half-intersection is equivalent to those of the triangle orbits (same V(C)  
or T,, and the same &), and the other not likely to contribute T2 because its TI 
is much too large for our temperature range. So in comparison with the triangular 
orbits, the n orbit has effectively half an intersection rather than three. Since its arc 
length is about the same as those of the triangles, the model predicts an apparent (1 

value about one sixth as large. This is sufficient to account for the entire apparent 
term above 1 K for the n orbit, although we consider it more likely, for the reasons 
given earlier, that about half of this term arises from e-e scattering. The e p  estimate, 
while not reliable quantitatively, nevertheless makes this interpretation plausible. The 
two contributions are difficult to resolve experimentally because of the reduced signal 
for the n orbit as compared with the lens orbits makes the extrapolation to 0 K much 
more difficult. 

Ultimately, the validity of the theoretical models discussed here and in Lawrence et 
a1 (1986) cannot be fully established without a microscopic calculation that includes 
realistic phonon spectra and a full Fs. Such a calculation has been performed by Chen 
(1988) and Chen et a/ (1991), and its results will be reported elsewhere. Apparent 
T2-like terms of the order of magnitude of those observed on the triangular orbits are 
found in a similar temperature interval. 

gaps. 

4. Conclusions 

We have presented high-resolution measurements of the temperaturedependent I@) 
for various electron orbits on the FS of Cd between 0.25 and 5 K. For two extremal 
orbits on the third band lens the existence of a T2 component has been unambiguously 
detected with a coefficient o( whose value agrees with the theoretical estimate for e-e 
scattering. This value is the same for the elliptical and circular orbits which further 
supports this interpretation. 

The data for the 1 and m first and second band orbits show a more complicated 
temperature dependence. The previously reported large T2 terms resulting from ex- 
trapolation to 0 K of the data above about 2 K are shown to be unphysical, whereas 
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the low-temperature results are consistent with an e-e coefficient of the order of magni- 
tude obtained on the other orbits. In the temperature range below about 2 K, v(T) for 
these quasi-triangular orbits shows the behaviour predicted by calculations based on a 
recent model of e p  Umklapp processes using reasonable values for the FS parameters 
of Cd. In this model the temperature variation of v(T)  is due to normal scattering 
at very low temperatures (producing a T3 dependence), and Umklapp scattering en- 
tering and contributing about equally to the total v(T) at higher temperatures where 
the apparent Ta contribution is seen. This T2-like behaviour results from the orbital 
averaging without showing up in the local scattering rate. 

contribution which 
is about twice that found on the lens orbits, but much less than that found on the 
triangular orbits. The theoretical model of e-p scattering predicts a temperature de- 
pendence similar to that found on the l and m orbits, but with considerably reduced 
magnitude. Because we expect the e e  contribution to be isotropic and find no evi- 
dence to the contrary on other orbits, we suggest that similar contributions arise from 
e-e scattering and e-p scattering above about 1 K. If this hypothesis is correct, the 
apparent (I value should fall to about half its higher-temperature value as T is reduced 
well below 1 K. Testing this hypothesis currently appears to be a difficult experimental 
problem. 

Finally, the data for the n orbit on the second band show a 
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